The Couette-Poiseuille flow of couple stress fluid with magnetic field between two parallel plates was investigated. The flow was driven due to axial pressure gradient and uniform motion of the upper plate. The influence of heating at the wall in the presence of spherical and homogeneous Hafnium particles was taken into account. The temperature dependent viscosity model, namely, Reynolds' model was utilized. The Runge-Kutta scheme with shooting was used to tackle a non-linear system of equations. It was observed that the velocity decreased by increasing the values of the Hartman number, as heating of the wall reduced the effects of viscous forces, therefore, resistance of magnetic force reduced the velocity of fluid. However, due to shear thinning effects, the velocity was increased by increasing the values of the viscosity parameter, and as a result the temperature profile also declined. The suspension of inertial particles in an incompressible turbulent flow with Newtonian and non-Newtonian base fluids can be used to analyze the biphase flows through diverse geometries that could possibly be future perspectives of proposed model.
Introduction
Diverse forms of flow paths appear when fluid flow is diverted by debris blocking streams. Such multiphase flows take place naturally due to the various factors on plateaus. The physical occurrence of multiphase flows includes chemical processes, pharmaceutical, wastewater management, and power generation. Consequently, the multiphase flows have attracted the attention of scientists and engineers due to the frequently arising issues in industrial and mechanical problems. For instance, couple stress fluid flow under the influence of heat between two parallel walls was examined by Farooq et al. [1] . Mahabaleshwar et al. [2] have investigated the magnetohydrodynamics (MHD) couple stress fluid over the flat sheet affected by the radiation. Exact solutions for the velocity were derived using a power series method for two different models. The First case described the surface temperature while the second case dealt with heat flux. Saad and Ashmway [3] have studied the flow of an unsteady couple stress fluid between two plates. The fluid flows with constant motion of the upper plate which was initially at rest. Influence of lubrication on walls was pondered in such a way that the couple stresses on the boundaries had no impact at all. A suitable transform helps to obtain the velocity of fluid numerically. Akhtar and Shah [4] have presented the exact results for three different types of fundamental flows by taking couple stress fluid as a base fluid. Khan et al. [5] reported an incompressible flow of MHD couple stress in which thermally charged fluid was disturbed by transversely applied magnetic fields. The unsteady Couette flow of non-uniform magnetic field has been investigated by Asghar and Ahamd [6] . Shaowei and Mingyu [7] have devoted their efforts for the study of the Couette flow of Maxwell fluid. Integral and Weber transforms have been used to analyze the physical phenomenon. The Couette flow through a symmetric channel was numerically tackled by Eegunjobi et al. [8] . Few core investigations on Couette flow [9] [10] [11] [12] and couple stress fluid [13] [14] [15] are listed for those working in the same regimes.
Moreover, Poply et al. [16] have examined the temperature-dependent fluid properties of MHD flow with heat transfer. Ellahi et al. [17] have considered two different viscosity models for their investigations of heated flow. They chose third-grade nanofluid flow through coaxial cylinders. Homotopy analysis method is used to produce a closed form solution. In Reference [18] authors have discussed a temperature dependent thick flow between two opposite walls of uneven configurations. The viscosity of two-dimensional flow was assumed to be decreasing exponentially subject to temperature rise. The study contained the simultaneous effects of radiation and a porous medium. A steady-state flow of fourth-grade fluid in a cylinder was analyzed by Nadeem and Ali [19] and offered a comparative analysis in it. Ellahi et al. [20] studied the thermally charged couple stress fluid suspended with spherically homogenous metallic Hafnium particles for bi-phase flow along slippery walls. The rough surfaces of the walls is tackled with the lubrication effects. Variation in the viscosity of viscoelastic fluid by the Runge-Kutta technique with the shooting technique can be seen in Reference [21] . Makinde [22] focused on the impact of viscosity on the steady fluid flow with gravitational effects. The overhead surface was assumed to be at a constant temperature while the adjunct surface of the plate was heated with some external source. A few core investigations for viscous dissipation can be found in References [23, 24] .
Furthermore, to enhance the thermal performance, different types of nanoparticles having sizes from 1-100 nm have been utilized in bi-phase fluids. For example, Karimipour et al. [25] have studied the role of miscellaneous nanoparticles for heat transfer flow with MHD. Hosseini et al. [26] repotted a unique model on thermal conductivity of nanofluids. Nasiri et al. [27] have proposed a particle hydrodynamics approach for nano-fluid flows. Safaei et al. [28] have examined nanoplatelets-silver/water nanofluids in fully developed turbulent flows of graphene. All said investigations including References [29] [30] [31] [32] [33] end up stating that the presence of nanoparticles always sped up the heat transfer rate.
In the current article, we aim to study the magnetized multiphase Couette-Poiseuille flow of non-Newtonian couple stress fluid suspended by metallic particles of Hafnium with temperature dependent viscosity. The viscosity of the base fluid is exponentially decreasing due to the heating effects at the lower wall of the channel which is at rest. However, the motion of the upper wall causes the multiphase (i.e., solid-liquid) transport. The contribution of the pressure gradient simultaneously distinguishes the investigation further. The humble effort will not only speak about the mechanical and industrial multi-phase flows but would also fill the gap yet not available in the existing literature on the topic under consideration.
Mathematical Analysis
Consider a plane Couette flow between two opposite flat plates at η = ±h, as shown in Figure 1 . Flow is investigated in (ξ, η) plane in such a way that ξ-axis lies in the middle and along the plates. It is a well-established fact [34] that when the flow is generated by the constantly moving upper plate, then only can the unidirectional disturbance in the ξ-direction occur. The axial velocity [u, 0, 0] was along the ξ-direction, whereas lateral velocity was in the η-direction is zero. When the metallic particles of Hafnium were suspended in couple stress fluid under the influence of higher temperature of the lower wall, then the governing equations in component form [35] can be expressed as:
When the metallic particles of Hafnium were suspended in couple stress fluid under the influence of higher temperature of the lower wall, then the governing equations in component form [35] can be expressed as: (i). For fluid phase
(ii). For particle phase
(iii). Energy equation
where, denotes concentration of the particles, is the viscosity of solid-liquid, viscosity of the base liquid, is a material constant associated with couple stress fluid, is the electric conductivity of the fluid, is the magnetic strength, Θ is temperature, and is the thermal conductivity of the fluid whereas, are, respectively, axial and lateral coordinates. Moreover, denotes the drag coefficient of interaction for the force exerted by particle on the fluid, and is given by Tam [36] :
where, in Equation (6) the radius of the Hafnium particles is denoted by . 
where, C denotes concentration of the particles, µ s is the viscosity of solid-liquid, µ 0 viscosity of the base liquid, η 1 is a material constant associated with couple stress fluid, σ is the electric conductivity of the fluid, B 2 0 is the magnetic strength, Θ is temperature, and k is the thermal conductivity of the fluid whereas, ξ and η are, respectively, axial and lateral coordinates. Moreover, S denotes the drag coefficient of interaction for the force exerted by particle on the fluid, and is given by Tam [36] :
where, in Equation (6) the radius of the Hafnium particles is denoted by r.
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Boundary Conditions
The flow interaction at the surfaces of the parallel plates are denoted by the following:
(ii).
.
By using the following appropriate quantities:
Equations (1)- (5), in non-dimensional form after neglecting asterisk can be written as dp dξ
In which, M is the Hartmann number, γ is the couple stress parameter, m is the drag constant and B r is he Brinkman number.
Results and Discussion

Variable Viscosity
The Reynolds' model for temperature dependent viscosity [37] can be defined as
In view of expression given in (10), the non-dimensional form of Equation (14), after dropping asterisk is obtained as
where β = α(Θ w − Θ 0 ). Obviously, for the convergence of Equation (15), β ∈ [0 1]. By Walter' lemma, the Maclaurin' series of Equation (15) can be linearized as
In view of Equations (12) and (16), Equations (11) and (13) provide the set of nonlinear coupled differential equations involving the viscosity of the fluid deeply affected by the presence of heat applied at the wall along with a constant pressure gradient at each point of the channel (i.e., dp dξ = P) as follows
On the same contrast, Equations (8) and (9), in view of (10), are acquired as
Numerical Procedure
The set of non-linear differential Equations (17) and (18) with the boundary conditions (19) and (20) are solved by employing the most efficient numerical procedure consist of Runge-Kutta method and the shooting scheme [38] using MATLAB software. It is an iterative scheme, in which each step possible error can be successively reduced by changing higher order derivatives.
Let:
be the velocity of the fluid phase, then the derivatives of u f , in terms of system of first ordinary differential equations (ODEs) can be expressed as:
here the sign of prime ( ) at the top indicates the derivative with respect to "η". In view of Equations (22)- (26) the fluid phase differential equation is transformed as:
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The transformed set of conditions are given as:
(i).
where k 1 , k 2 , k 3 , k 4 , k 5 , and k 6 can be easily determined during the routine numerical procedure.
Graphical Illustration
To see the effects of physical parameters for Reynolds model on velocity and temperature, Figures 2-6 have been displayed. The range of all physical parameters available in the existing literatures are as follows: the range of Hartmann number is 0 < M < 1 [39] , the Brinkman number B r varies from 0.5 to 2.0 [40] , the range of couple stress parameter γ is 0.5 to 2.0 [41] , the range of concentration of the metallic particles' C is 0 to 0.2 [42] , and the range of viscous parameter β lies between 0 to 1. The role of transversely applied magnetic fields can be sighted in Figure 2 . It is found that the velocity of fluid decreases by increasing the values of Hartmann number. It is in accordance with the physical expectation, as increased in the Hartmann number, means to strengthen the magnetic field lines which result to impede the flow. Therefore, the obtained results validate the expected outcomes. In Figure 3 , addition of some extra metallic particles to the system that expedites the flow is observed. It is found that velocity of fluid escalates for higher values of C. It is very much obvious as the constant movement of the upper wall does not allow the particle to exert an extra drag force to attenuate the base fluid motion. Thus, particle-to-particle interaction and fluid-particle interaction gets meager, which causes the frisky movement of the Hafnium particles in the base fluid. In Figure 4 , we show that an increase in the couple stress parameter weakens the rotational field of couple stress fluid particles. It was revealed that the velocity profile increased by increasing the values of the couple stress parameter. It is because of friction force that fails to gain enough strength which can cause enough resistance to slow down the celerity of the flow. Similarly, the application of heat on the lower wall contributes in shear thinning effects which aids the fluid particles to get extra momentum. Hence, increase in the velocity of the fluid flow is vivid in display. Figure 5 shows the impact of decreasing viscous parameter β on the flow dynamics. In Equation (14), it can be inferred that as the temperature difference mounts, the shear thinning effects on the viscosity of the base fluid aggravates. This attenuation of physical property results in the increase of the celerity of the fluid and particles movements. Figure 6 describes the role of Brinkman number B r on the temperature. It is seen that higher values of Brinkman heats up the fluid by surging the temperature. However, the quite opposite behavior was observed for the case of viscosity parameter as shown in Figure 7 . It was revealed that the temperature of the fluid declines for the higher values of β. This temperature decline was in fact due to the rapid movement of the couple stress fluid. 
Validation
The numerical results are being presented in Tables 1-3 . The variation in the velocities of both phases against couple stress parameter when = 1.0, = 0.4, and = 2.0 are kept fixed are given in Table 1 whereas the variation in the velocities for single-and two-phase flows at different points of the domain when = 1.0, = 2.0, and = 2.0 are specified in Table 2 . The thermal 
The numerical results are being presented in Tables 1-3 . The variation in the velocities of both phases against couple stress parameter when M = 1.0, C = 0.4, and B r = 2.0 are kept fixed are given in Table 1 whereas the variation in the velocities for single-and two-phase flows at different points of the domain when M = 1.0, γ = 2.0, and B r = 2.0 are specified in Table 2 . The thermal variation at the different points of given domain when M = 1.0 can be seen in Table 3 . In all three table, one can conclude that temperature and velocities for both fluid and nanoparticles were an increasing function of metallic particles concentration C, couple stress parameter γ, and the Brinkman number B r . The results extracted by numerical computation were found to be in excellent agreement with graphical illustrations and also satisfied all the subjected conditions. This provides a useful check that the presented solutions are correct. 
Conclusions
The Couette-Poiseuille flow of couple stress fluid in the presence of Hafnium particles was studied. The viscous dissipation effects were also reported. Exponentially decreasing viscosity of base fluid was presented by the Reynolds model. Transversely acting magnetic fields contributed by hindering the bi-phase flow. The key findings are described as: Funding: This research received no external funding.
